
Problem 4

General Derivation

The eigenstates, |n0〉 of H0 form a complete basis. So, let us expand our wave-
function in terms of these.

H(t) = H0 +H1(t)

|ψ(t)〉 =
∑
n

cn(t)|n0〉

cn(t) = dn(t)e
−iE0

nt/~

⇒ |ψ(t)〉 =
∑
n

dn(t)e
−iE0

nt/~|n0〉

dn is not independent of time because of H1

i~|ψ̇(t)〉 = H|ψ(t)〉

⇒ i~
∑
n

(
ḋn(t)−

��
���iE0

n

~
dn(t)

)
e−iE

0
nt/~|n0〉 =

�����������∑
n

dn(t)e
−iE0

nt/~H0|n0〉 +H1|ψ(t)〉∑
n

(
i~ḋn(t)−H1(t)dn(t)

)
e−iE

0
nt/~|n0〉 = 0

Taking the overlap with 〈m0(t)|

i~ḋm(t) =
∑
n

dn(t)〈m0|eiE
0
mt/~H1(t)e−iE

0
nt/~|n0〉

=
∑
n

dn(t)〈m0|H1(t)|n0〉eiωmnt where ωmn =
E0

m − E0
n

~

Let us start from the state |i0〉. So, dm(0) = δmi Zeroth order solution is
ḋm(t) = 0⇒ dm(t) = δmi First order solution

ḋm(t) =
−i
~
〈m0|H1|i0〉eiωmit

dm(t) = dm(0)− i

~

∫ t

0

〈m0|H1|i0〉eiωmit dt

dm(t) = δmi −
i

~

∫ t

0

〈m0|H1|i0〉eiωmit dt
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Applying to perturbed harmonic oscillator

H1(t) = λX

= λ

√
~

2mω

(
a+ a†

)
We have prepared the system in the ground state of the harmonic oscillator

dn = δn0 −
i

~

∫ t

0

λ

√
~

2mω
〈n0|a+ a†|0〉einωt dt

a|0〉 = 0

a†|0〉 = |1〉

dn = δn0 −
i

~
λ

√
~

2mω

∫ t

0

〈n0|1〉einωt dt

dn = δn0 − δn1λ
i√

2mω~

∫ t

0

einωt dt

= δn0 − δn1λ
1√

2mω~
einωt − 1

nω

If m = 1

d1(t) = −
λ√

2mω~
eiωt − 1

ω

P1←0(t) = |d1(t)|2

=
λ2

2mω~

(
2− eiωt − e−iωt

)
ω2

=
λ2

mω3~
(1− cos(ωt))

=
2λ2

mω3~
sin2

(
ωt

2

)
If m = 2, d2(t) = P2←0(t) = 0

Because of the symmetry of the harmonic oscillator, the wavefunctions alter-
nate between even and odd with increasing quantum number. We can justify the
transition probabilities by looking at the nature of the integrand ψ∗n(x)xψ0(x).
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